Prandtl’s Secondary Flows of the Second Kind. Problems of Description, Prediction, and Simulation by Nikitin, N. V. et al.
ISSN 0015-4628, Fluid Dynamics, 2021, Vol. 56, No. 4, pp. 513–538. © The  Author(s),  2021.   This  article  is an open access publication.
Russian Text © The Author(s), 2021, published in Izvestiya RAN. Mekhanika Zhidkosti i Gaza, 2021, Vol. 56, No. 4, pp. 73–99.Prandtl’s Secondary Flows of the Second Kind.
Problems of Description, Prediction, and Simulation
N. V. Nikitina,*, N. V. Popelenskayaa,**, and A. Strohb,***
a Institute of Mechanics, Moscow State University, Michurinskii pr. 1, Moscow, 119192 Russia




Received March 23, 2021; revised March 25, 2021; accepted March 25, 2021
Abstract—The occurrence of turbulent pulsations in straight pipes of noncircular cross-section leads
to the situation, when the average velocity field includes not only the longitudinal component but also
transverse components that form a secondary f low. This hydrodynamic phenomenon discovered at
the twenties of the last century (J. Nikuradse, L. Prandtl) has been the object of active research to the
present day. The intensity of the turbulent secondary f lows is not high; usually, it is not greater than
2–3% of the characteristic f low velocity. Nevertheless, their contribution to the processes of transverse
transfer of momentum and heat is comparable to that of turbulent pulsations. In this paper, a review
of experimental, theoretical, and numerical studies of secondary f lows in straight pipes and channels
is given. Emphasis is placed on the issues of revealing the physical mechanisms of secondary f low for-
mation and developing the models of the apriori assessment of their forms. The specific features of the
secondary f low development in open channels and channels with inhomogeneously rough walls are
touched upon. The approaches of semiempirical simulation of turbulent f lows in the presence of sec-
ondary f lows are discussed.
Keywords: turbulent f lows in straight pipes, secondary f lows, Navier–Stokes equations, direct numer-
ical simulation, rough walls, RANS modeling
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One of the interesting and practically important manifestations of turbulence is the capability to induce
the so-named secondary f lows, that is, organized f luid motions in the plane perpendicular to the main
stream direction. The most known in this respect are f lows in straight pipes of noncircular cross-section.
Fairly far from the entry laminar f lows in these pipes are one-dimensional, that is, at any point the f luid
velocity is directed along the pipe. Contrariwise, in turbulent regimes the average velocity field contains
nonzero transverse components. The first experimental evidence of the generation of turbulent secondary
flows was obtained by Nikuradse in pipes with rectangular and triangular cross-sections [1]. He found that
the isotachs (contours of the mean longitudinal velocity in the cross-sectional plane) have unusual con-
vexities directed toward the corners (Fig. 1). Prandtl supposed that the characteristic distortions of the iso-
tachs are caused by secondary f lows induced by turbulent pulsations. The f luid f lows along the bisector
toward the corner and spreads on both sides along the walls. Thus, the f luid particles with a greater
momentum are transferred from the f low core to the walls, into the corner region, which gives rise to an
anomalous velocity increase in this region of the pipe [2–4] (Fig. 2). Prandtl’s supposition on the occur-
rence of secondary f lows in straight noncircular pipes was confirmed in [5] by mean velocity measure-
ments and turbulent f low visualization in pipes with different cross-sections. In those times the secondary
flow intensity could not be reliably measured. The first direct measurements of the secondary f lows in
rectangular pipes were carried out only 30 years later [6]. Secondary f lows in straight pipes occur only in
turbulent f lows. Prandtl [7, 8] proposed to call these f lows the secondary f lows of the second kind, as dis-
tinct from the secondary f lows of the first kind occurring within curved f lows under the action of centrif-
ugal effects in both turbulent and laminar f lows. The intensity of the secondary f lows of the first kind can
be as high as tens of percents of the main stream velocity. The characteristic velocities of the secondary
flows of the second kind are considerably lower. In pipes they are usually not greater than 2–3%. None-513
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Fig. 1. Mean velocity contours in the cross-section of a rectangular pipe [1, 4].
Fig. 2. Schematic of secondary f lows proposed by Prandtl [2, 4].theless, their contribution to the processes of the transverse transport is comparable to that of turbulent
pulsations [9].
In [10] a somewhat different principle of secondary f low classification was proposed. The f lows of the
first type include those, where the longitudinal component of the mean vorticity is formed as a result of a
variation in the mean vorticity vector direction. In particular, this can occur in pipe bends, independent
of the f low nature, be it laminar or turbulent. In turbulent f lows the Reynolds stresses make the contribu-
tion to the formation of the mean vorticity but in these cases their effect reduces to the secondary f low
attenuation at the expense of turbulent diffusion. In the f lows of the second type precisely the Reynolds
stresses are the cause of the mean longitudinal vorticity generation. In [10] a short review of the secondary
flows of the first and second types was given. In [11, 12] the special features of secondary f lows in three-
dimensional turbulent f lows in corner regions are described, including the cases of developing and tran-
sitional f lows. This study presents the review and analysis of the results of investigations of secondary f lows
occurring in long straight pipes of noncircular cross-section. Apart from the original results of different
authors, certain results obtained by the authors of this study are also presented.
1. SECONDARY FLOWS IN PIPES OF DIFFERENT CROSS-SECTIONS
There has been much research devoted to the elicitation of the physical mechanisms and the explana-
tion of the causes of the generation of the secondary f lows of the second kind. Prandtl supposed that tur-
bulent pulsations in the corner region of the pipe cross-section take place not only in the direction of the
mean velocity gradient but also, and at a greater intensity, in the transverse direction, that is, along iso-
tachs. When f luid particles move along curved isotachs, there arises a force directed toward their convex-
ity, which ultimately leads to the secondary f low generation. Later, in book [13] he formulated the princi-
ple, in accordance with which the secondary f lows in noncircular pipes are directed from the walls into
the f low in the locations of increased friction stress on the wall and, contrariwise, outward from the main
stream to the walls in the locations of lowered friction, in particular, in the corner regions of the cross-
section. Thus, the friction is equalized along the pipe cross-section perimeter. In the experiment [6] the
secondary f lows in the pipes of rectangular cross-section were studied for several rectangle aspect ratios.
It was shown that the friction variation along the boundary is consistent with the secondary f low direction,
which confirms the conclusions made in [13]. Another principle proposed in [14, 15] is based on an anal-FLUID DYNAMICS  Vol. 56  No. 4  2021
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flow the kinetic energy production is considerably greater than viscous dissipation, then there arises a sec-
ondary f low transferring the f luid particles with a greater kinetic energy from this region toward the
regions, where the energy production is inferior than dissipation.
The secondary f low in a cross-sectional plane is uniquely determined from the distribution of the lon-
gitudinal vorticity component of the mean flow . Here and in what follows, (x, y, z) are
the Cartesian coordinates with the x axis aligned with the pipe axis and ( , , w) and ( , , ) are the
corresponding components of the velocity  and vorticity  vectors. The capital letters denote the
mean values, while the primes relate to pulsations:  for an arbitrary vari-
able q; the statistic averaging is denoted by the angular brackets: . The equation for  in a turbu-
lent f low was derived in [16]
(1.1)
The fluid is assumed to be incompressible and the f low is time-independent and uniform in the longi-
tudinal direction. Thus, the mean values do not depend on time and the longitudinal coordinate. The first
two terms on the left side of Eq. (1.1) govern the longitudinal vorticity convection by the secondary f low.
Their effect consists in the equalization of vorticity values along the trajectory. The third term corresponds
to viscous effects smoothing the gradients . The source term on the right side of Eq. (1.1) is responsible
for the production of the longitudinal vorticity; it is expressed in terms of the gradients of the Reynolds
stresses, as follows:
(1.2)
As shown in [17, 18], Eq. (1.1) with zero right side and the no-slip conditions imposed on fixed walls
does not have nontrivial solutions. Therefore, in steady laminar f lows in straight pipes secondary f lows
cannot occur. On the other hand, it is obvious that at  the absence of a secondary f low is impossible.
As shown in [16], the source term in Eq. (1.1) is nonzero in the corner regions of pipes of rectangular cross-
section, which explains the generation of secondary f lows. From the considerations of symmetry it follows
that  inverses sign on any line of symmetry. Thus, the lines of symmetry in the pipe cross-section sepa-
rate the regions of opposite circulation [19].
The two terms in Eq. (1.2) are torques acting on the f luid. To make an estimate of these terms, in exper-
iment [19] all the three velocity components and six components of the Reynolds stress tensor were mea-
sured in a pipe of square cross-section. It was concluded that, when the coordinate axes (y, z) are parallel
to the walls, the first term S1 containing the difference of the normal stresses  predominates
over the second term S2 containing the derivatives of the shear stress . Thus, the longitudinal vorticity
is produced by the term S1 and transferred into locations, where it is dissipated under the action of viscos-
ity. The remark concerning the orientation of the coordinate axes is essential, since S1 and  are not
invariant with respect to variations of the coordinate system. In particular, upon rotation of the (y, z) axes
by an angle of 45° the values of S1 and S2 change places. Another interpretation of the fact that the sec-
ondary f lows in a square pipe are induced by the normal stress gradients was proposed in [20]. It was
shown that the Reynolds equations in the cross-sectional plane of the pipe with discarded shear stress gra-
dients have a solution only in the presence of a secondary f low directed along the walls, outward from the
corner. The fact that neglecting the Reynolds shear stress  leads to the conclusion about the neces-
sary presence of a secondary f low in the pipe of square cross-section can also be seen from Eq. (1.2). It
can easily be shown that S1 is not identically zero and, therefore, in the absence of the compensating sec-
ond term S also is not identically zero and Eq. (1.1) has a nonzero solution. In [21] it was asserted that the
inequality  is the sufficient condition for the generation of a secondary f low in pipes of
noncircular cross-section. On the one hand, both this inequality and secondary f lows take place in most
of noncircular pipes. On the other hand, in circular pipes or, for example, in pipes of annular cross-section
secondary f lows do not exist despite the inequality of the normal stresses, while the reasoning presented
in [21] does not use the condition of the pipe cross-section non-circularity.
The accuracy of the results and the conclusions concerning the  predominance in Eq. (1.2) made
in [19] were brought into question in [22]. It was shown that errors on the 1% level in the hot-wire ane-
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516 NIKITIN et al.mometer signal in the measurement system used can lead to 100% errors in evaluating the shear stresses
. More accurate measurements [23] showed that the Reynolds stress gradients generating the
terms  and  in Eq. (1.2) are similar in value, whereas the convective and viscous terms are two orders
less. It was concluded that the secondary f low arises under the action of a small difference between the
gradients of the pressure and the Reynolds stresses. On the basis of an analysis of experimental studies in
rectangular pipes made in the years 1960–1970 in [24] the following conclusions were made. The terms
in Eq. (1.2) are similar in value but their signs are opposite. Their amplitudes are considerably greater than
the values of the convective terms (1.1). The viscous terms are negligibly small everywhere, except for the
immediate vicinity of a corner. Thus, the production of the longitudinal vorticity is described by a small
difference of relatively large quantities  and .
From the end of the eighties of the last century numerical simulation has become an equal instrument
in investigating turbulence. In calculating the secondary f lows the eddy-resolving methods of solving the
Navier—Stokes equations are used, namely, Large Eddy Simulation (LES) and Direct Numerical Simu-
lation (DNS). In the former approach the calculations are performed on a relatively coarse grid, while the
small-scale components are taken into account using certain models for describing small (subgrid) scales.
In the latter approach all important scales of the turbulent motion are resolved on the computational grid.
The first detailed calculations of turbulent f lows in a pipe of square cross-section were carried out in [25]
(LES) and [26, 27] (DNS). Although in calculations the Reynolds numbers are usually considerably lower
than in most of experiments, the results of the calculations made it possible to considerably broaden the
general knowledge of the properties of f lows in noncircular pipes and, in particular, to deepen the under-
standing of the mechanisms of secondary f low generation. In [26] the calculations were performed at the
Reynolds number  based on the mean velocity Ub and the pipe width . For the first time, the
distributions of the mean and fluctuation parameters in the pipe cross-section were determined with a
high accuracy. The mean velocity distribution and the secondary f low streamlines obtained for this Reyn-
olds number in [28] are presented in Fig. 3. In this figure and everywhere in what follows the blue and red
colors correspond to small and large values of the parameters presented, respectively. The isolines with
negative values are presented by broken curves. The solid streamlines of the secondary f low correspond to
counterclockwise f luid motion, while the dashed ones relate to the clockwise motion. In the vicinity of
each of the four corners of the pipe cross-section the f luid particles are transferred by the secondary f low
from the pipe center toward the corners along the bisectors and spread on both sides along the walls. A
maximum velocity in the secondary f low (on the corner bisectors and in the wall region) is . The
secondary f lows exhibit themselves as characteristic convexities of the mean velocity contours directed
toward the corner points. In Fig. 4 we have plotted the distributions of the mean longitudinal vorticity
 and the source term  on the right side of Eq. (1.1) determining the  production. A quarter
of the pipe cross-section is presented. Here, all the parameters are normalized by the viscous scales of the
velocity  and the length , where  is the mean friction on the pipe wall and  and 
are the f luid density and viscosity. The normalization by the viscous (near-wall) scales is denoted by the
superscript ‘+’. The Reynolds number . The vorticity production is concentrated in the
wall region of the corner domain. A maximum of  is reached at points  and (10, 35),
symmetric relative to the corner bisector. The results of calculations [26] put an end of the discussion con-
cerning the relative importance of the terms  and  in expression (1.2) for the source term  of Eq. (1.1).
The distributions of  and  are plotted in Fig. 5. At the points of  maximum the source term is by 90%
determined by the term  but nearer to the wall the absolute values of each of these terms are twice as large
as the values of the  maximum and by 90% balance against one another. Thus, the essential importance
of both terms entering into expression (1.2) is confirmed. Contrary to the conclusions made in [24], in
[26] it was shown that the convective terms in Eq. (1.1) are negligibly small compared with the viscous
terms which balance the terms responsible for  production.
Analogous conclusions were made in [27] for . In that study, the quadrantal analysis of the
shear stresses  was also carried out. It was attempted to relate the appearance of secondary f lows with
the interaction of intense turbulent ejections in-between neighboring walls in the corner region. In [29]
certain details of the statistical characteristics with variation in the Reynolds number are refined. It was
shown that at different distances from the corner the mean velocity profiles satisfy the wall law, when nor-
malized by the local wall friction. In [30] it was found that the coordinates of local extrema of  and the
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Fig. 3. Mean velocity distribution U/Ub (a) and secondary f low streamlines (stream function contours
, ) (b) in the cross-section of a square pipe at  [26, 28].
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Fig. 4. Distributions of the mean longitudinal vorticity ,  (a) and the source term in Eq. (1.1)
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+ = ± .0 0001S n = −1 7n =Re 4410 τ =Re 150lowest Reynolds numbers , diverge at greater Re values. In this case, the coordinates of local
extrema of  no longer vary with increase in Re, when expressed in viscous units. On the contrary, the
coordinates of extrema of  remain constant on the global scale. A certain statistical relationship between
the secondary f low and turbulent near-wall structures, such as streaky structures occurring in the wall
region of a turbulent boundary layer, can be observable. The streaky structures that are closest to the cor-
ner have predominantly an elevated velocity and are formed at a distance of 50 viscous lengths. In this
case, the sign of the quasilongitudinal vortices in the wall region predominantly coincides with the sign
of . In [31], where LES calculations were performed for three Reynolds numbers, 
( ), it was concluded that, when normalized by the viscous scales, the values and distri-
butions of the terms corresponding to viscous diffusion and the longitudinal vorticity production in
Eq. (1.1) do not change with variation in . DNS calculations were carried out in [32] up to 
( ). Emphasis was placed on the refinement of the distributions of the mean velocity compo-
nents and the pulsation intensities. The calculations up to even greater values  were performed
in [33]. It was shown that outside the corner region the secondary f lows can be at a good accuracy approx-
imated by the eigenfunctions of the Laplace operator. It was concluded that at high Reynolds numbers the
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Fig. 5. Distributions of the quantities  and  (1.2) in the cross-section of a square pipe at  ( ) [26, 28];
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Fig. 6. Distribution of the mean velocity U/Ub (a) and secondary f low streamlines (stream function contours
, ) (b) in the cross-section of a rectangular pipe with the aspect ratio 4:1 at  [34].
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Ψ = ± ./ 0 0005bh U n = −1 8n =Re 4410The secondary f low velocities in rectangular pipes were measured in experiments [6]. In three pipes
with the aspect ratios of the cross-sectional rectangle  1:1, 2:1, and 3:1 maximum values turned out
to be approximately the same, amounting to 1.5% of the velocity at the pipe center. Everywhere a second-
ary f low velocity maximum is reached near the wall. On the corner bisectors the velocity is not greater than
1%. Within any corner the secondary f low takes the shape of a pair of vortices of opposite signs separated
by the bisector. A small-sized vortex is located along the short side of the rectangle and the larger vortex
lies along the long side. As distinct from [2], where the presence of several vortices along the long rectangle
side was supposed, in all the cases studied only one vortex was observable; the motion intensity within it
decreased with distance from the corner. The mean velocity distribution and the secondary f low stream-
lines in a rectangular pipe with the aspect ratio 4:1 obtained in numerical calculations [34] at 
( ) are presented in Fig. 6. Only the left halves of the pipe cross-section are shown. The velocity
contour shapes are in qualitative agreement with Nikuradse’s results [1] presented in Fig. 1. The distinc-
tive feature of the velocity distribution is the characteristic convexities of the isolines toward the corners.
The shape of the secondary f low streamlines is in agreement with the results [6] and argues against
Prandtl’s supposition [2] about the presence of several circulation cells along the long rectangle side (Fig. 2).
Turbulent f lows in pipes of rectangular cross-section were considered in [35] ( , ),
[36] (LES, , ), and in а series of studies by Vinuesa et al. [37–40] in the ranges
 and . Variations in the secondary f low shape occurring with increase in the
b/a ratio and the effect of the side walls of the pipe on the f low in the central region were studied. The
results of those studies were summarized in [40]. The secondary f low effect extends on large distances
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PRANDTL’S SECONDARY FLOWS OF THE SECOND KIND 519only for . For the purpose of possible attenuation of the secondary f low Vidal et al. [41–43] inves-
tigated f low in rectangular tubes with rounded corners. Contrary to the expectations, the rounding of the
corners did not lead to the secondary f low attenuation and in certain cases even favored its enhancement.
The vortices are formed near the junctions between the roundednesses and straight regions. In the cases
in which a straight lateral wall in a rectangular pipe was replaced by a semicircular wall, only one vortex
each is formed near the junction between the semicircle and the long rectilinear walls rather than conven-
tional four vortices (a vortex pair each near each angle).
In [9] turbulent f low in pipes of elliptical cross-section were calculated. The calculations were carried
out in the Cartesian coordinate system. The no-slip boundary conditions on the curvilinear boundaries
were satisfied using the method of virtual boundaries [44]. The f lows in the pipes with ellipse semiaxis
ratios  and 1/2 were studied for . It was found that in both cases the secondary f lows
take the form of two vortex pairs of opposite sign. The f luid f lows from the pipe center toward the walls
along the large semiaxes, spreads along the walls to both sides, and returns from the walls to the pipe center
along the short semiaxes. In the f low core the greatest secondary f low velocity is less than 1% of the mean
velocity, while near the walls it amounts to 1 and 1.4% in the wide and narrow pipes, respectively. Despite
the so small intensity, the secondary f lows have a considerable effect on the mean flow velocity distribu-
tion in the pipe cross-section, which is comparable with the effect of turbulent stresses. The effects of the
secondary f lows and turbulent stresses are opposite: the former tend to extend the velocity contours along
the large ellipse semiaxes, whereas the turbulent stresses constrict them toward the pipe center. To more
accurately reproduce the f low details in the wall region in [45, 46] the calculations of f lows in elliptical
pipes were carried out. In those studies the Navier—Stokes equations were solved in the elliptical cylin-
drical coordinate system in which the pipe wall coincides with a coordinate surface. The method of solving
the Navier—Stokes equations in an arbitrary curvilinear coordinate system [47] was used. The inferences
made in [9] were confirmed and refined and the terms of Eq. (1.1) for the longitudinal vorticity were
assessed. The source term  on the right side of Eq. (1.1) has noticeable nonzero values only in a narrow
wall layer, where it can be represented similarly to Eq. (1.2) in the form of the sum of two terms, of which
the first, , is the second mixed derivative of the difference between the normal Reynolds stresses, while
the second, , is the difference of the second derivatives of the Reynolds shear stress. Elementary esti-
mates show that  and  act as the longitudinal vorticity source and sink, respectively. The  and 
distributions in the pipe cross-section turn out to be surprisingly similar in shape,  amounting to about
30% of .
In the pipes of circular cross-section secondary f lows do not occur due to the central symmetry of the
flow. Obviously that in the pipes of annular cross-section secondary f lows do not arise for the same rea-
son. Secondary f lows in the pipes with eccentric annular cross-section were studied experimentally in [48,
49]. According to measurements [48], the secondary f low takes the shape of pairwise, oppositely directed
vortices, placed symmetrically relative to the line of symmetry in the cross-sectional plane. Circulation
cells are mostly pressed against the inner cylinder. The f luid moves from the narrow gap toward the wide
gap along the inner cylinder and returns backward, approximately midway between the cylinders. In the
widest part of the gap the secondary f low velocity is directed from the inner to the outer cylinder. In [49]
the secondary f low direction was opposite. Moreover, in the narrow part of the gap one more pair of vor-
tices of smaller intensity was noticed. We note that the plausibility of both results is not high, which was
admitted by their authors themselves. Moreover, the measurements in the two cited experiments were
conducted for considerably differing geometric parameters and Reynolds numbers. In [50, 51] direct cal-
culations of turbulent f low in eccentric annular pipes were carried out at two Reynolds numbers
 and 8000. The algorithm [47] was applied in the bicylindrical coordinate system, in which both
pipe walls are coordinate surfaces. The secondary f low pattern thus obtained resembles the results of [48]:
the f luid particles move along the inner cylinder from the narrow to the wide gap and return backward in
the mid-cross-section. Nearer to the outer cylinder, from the side of the wide gap there is a less intense
circulation cell with opposite rotation direction. Topologically equivalent secondary f low pattern with two
vortices of opposite sign in each half of the cross-section was obtained numerically in [52]. However, as
distinct from [50, 51], the less intense vortex is located in the narrow rather than in the wide part of the
gap. These differences in the secondary f low shapes can be attributed to a considerable difference in the
geometries of the pipes considered in [50, 51] and [52].
Secondary f lows along external corners are studied in less detail. We can note only the experiments
performed in the Melbourne University [53–55] and numerical calculations [56, 57]. In the experiments
a f low along a ridge formed by two f lat plates joined at right angle was studied. In the calculations f low in
in a gap between two pipes of square cross-section nested within each other was considered; the pipe had
>/ 10b a
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Fig. 7. Distribution of the mean velocity U/Ub (a) and secondary f low streamlines (stream function contours























Ψ = ± ./ 0 0004bh U n = −1 9n =Re 4000four internal and four external 90° corners. Although the Reynolds numbers in the calculations and exper-
iments were considerably different, the results concerning the secondary f low features in the vicinity of
the external corner are in qualitative agreement. In Fig. 7 we have plotted that mean velocity distribution
and the secondary f low streamlines in the pipe, whose cross-section has an external corner [58]. The sec-
ondary f low in the vicinity of the external corner takes the shape of a pair of vortices placed symmetrically
relative to the corner bisector. The f luid motion in the secondary f low is directed from the corner toward
the f low along the bisector and toward the corner along the walls, that is, it is opposite to the case of the
internal corner. Correspondingly, the velocity contours have characteristic convexities directed from the
corner toward the f low. In the vicinity of the external corner the secondary f low intensity amounts to
5.25% of , which is considerably greater than the analogous intensity near the internal corners, where a
maximum value is about 2%. In [57] the distributions of the terms  and  and the expressions for the
longitudinal vorticity production (1.2) were calculated. As in the vicinities of the internal angles,  and 
turn out to be similar in value and opposite in sign. Their role in the vorticity generation changes in different
parts of the vicinity of the corner.
Secondary f lows in the channels with free surfaces have been actively studied in view of their obvious
geophysical importance. The secondary f lows are associated with the zones of f luid elevation and lower-
ing that comprise the entire f low thickness. In the full-scale conditions the secondary f lows have a con-
siderable effect on gas and heat transfer and the self-aeration on the free surface. Thanks to the transport
of bottom deposits by secondary f lows, the bottom shape changes and the bottom roughness becomes
inhomogeneous, with the formation of longitudinal ridges and depressions, which enhances the second-
ary f lows and ultimately leads to the generation of a chain of longitudinal vortices with alternate direction
of rotation in the channel width. For this reason, the greatest attention is given to an investigation of f lows
in channels with a rough bottom in the presence of inhomogeneities of different type in the bottom rough-
ness distributions [59–64].
It is generally believed that at the initial stage of development the secondary f lows arise in corner
regions, where lateral walls are joined with the horizontal bottom. In accordance with the currently
accepted point of view, the secondary corner f lows in a smooth channel have a shape of two cells, lower
and upper, with opposite directions of f luid rotation (Fig. 8) [60]. The motion in the upper cell is directed
from the lateral wall along the free surface and it is more intense than the f low in the lower cell. With dis-
tance from the lateral wall the intensity of secondary corner f lows is attenuated and vanishes completely
at a distance of about , where  is the channel depth [65]. We note that the pattern of the secondary
corner f low in an open channel described above is different from the secondary f low in a rectangular pipe.
In the latter case two, rather than one, vortex pairs are observable near each lateral wall. A detailed exper-
imental and numerical investigation of the region of junction between a free boundary and a solid wall [66]
revealed the occurrence of a less intense “internal” secondary vortex, within which the motion is directed
toward the corner along the free boundary. An investigation of the mechanisms of the momentum and
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Fig. 8. Schematic of secondary f lows in an open channel [60].
h
z
0 W/2 Wy2. PHYSICAL MECHANISM OF SECONDARY FLOW GENERATION
IN NONCIRCULAR PIPES
Despite the great many of experimental, theoretical, and numerical studies devoted to an investigation
of Prandtl’s secondary f lows of the second kind, the question of the physical mechanism of their forma-
tion is still continued to be discussed in the literature. In many studies the reasoning is based on an analysis
of the source terms (1.2) in equation (1.1) for the mean longitudinal vorticity. The relative importance of
two terms, namely, that with the difference of the normal stresses  and that with the shear stresses  is
being assessed. This subdivision of the source term was introduced in [16] for pipes of rectangular cross-
section, when the coordinate axes are parallel to the pipe walls. This fact is frequently left out of account
and a special physical meaning is ascribed to the terms  and  in analyzing f lows in pipes with arbitrary
cross-sections [21]. In the meantime, their values vary, when the coordinate system is rotated in the (y, z)
plane and, in particular, switch places, when the axes are rotated at an angle of 45° [19]. In other words,
if  and  are the f luctuations of the velocity components corresponding to the , z1, coordinate system
rotated by an angle of 45°, then
For this reason, the use of the source term in form (1.2) for describing the secondary f lows in pipes with
other-than-rectangular cross-sections seems weakly productive. The quantities  and  being nonzero
individually can completely neutralize one another, as it is the case, for example, in circular pipes. More-
over, even in rectangular pipes the  and  distributions are similar in shape but their values are opposite
in sign, so that they neutralize one another by 90% [26].
An alternative representation of the source term was proposed in [28]
(2.1)
In this writing each of the terms in the parentheses is invariant with respect to the choice of the coor-
dinate system in the (y, z) plane. In x-homogeneous f low we have , so that
(2.2)
This quantity describes the effect of the longitudinal vorticity variation under the action of the pulsa-
tion-driven compression/extension of vortex tubes. It turns out that in the region of Ωx concentration the
production of the mean longitudinal vorticity in rectangular pipes is in a great measure controlled by the
term . This means, in particular, that the f luctuations of the longitudinal velocity and vorticity compo-
nents occur consistently, so that the correlations of  and  are consistent with Ωx in the value and
the sign. In [28] an explanation of the reason for this consistence was proposed.
Starting from [27], attempts have been made to relate the secondary f lows with the special features of
turbulent large-scale structures (near-wall streaks and quasi-longitudinal vortices) and phenomena
(sweepings and ejections) observed in the wall layers of turbulent f lows (see [30, 39, 43, 68–70] and oth-
ers). In our opinion, these observations only indicate the existence of certain features of turbulent struc-
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Fig. 9. Mechanism of secondary f low formation in the vicinities of internal (a) and external (b) corners.
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along the wallsThis point of view is favored by the fact that the secondary f lows can be observable in the absence of the
main turbulent stream [71].
In [72] a theoretical analysis of the development of a turbulent boundary layer in a f low along a 90°
internal corner was made. The f low was considered at a considerable distance from the leading edge,
where the boundary-layer approximation is valid. It is held that secondary f lows are absent. In this case,
the Reynolds equations give the relation between the mean pressure and the Reynolds stresses. Let the
corner bisector in the cross-sectional plane intersect the outer edge of the boundary layer at point , while
points  and  are the point  projections on the lateral walls. Under certain additional assumptions we
obtain that the pressure  at the corner point O is greater than the wall pressure at points  and .
Hence it follows that under the pressure difference the f luid must move along the wall in both sides from
the corner point and flow toward the corner along the bisector. Thus, the well-known secondary f low pat-
tern within a corner is obtained. In [72] it was also assumed that in a developing boundary layer there arises
a chain of secondary vortices, whose characteristic dimensions increase with boundary layer broadening.
However, this model was not confirmed in experiments [73]. Moreover, it was found that at the spatial
development stage the primary Reynolds stresses  and  make a more considerable contribution
to the secondary f low formation than the Reynolds stresses associated with pulsations in the (y, z) plane.
The reasoning of [72] was repeated with minimum corrections in [74] for the case of a steady f low in a
pipe of square cross-section. The center of the pipe cross-section is taken for point . As a result, it turns
out that the pressure  at the corner vertex is greater than the pressures  and  at the midpoints
of the lateral walls of the cross-section, whence it follows that the pressure gradient leads to the f luid
spreading along the walls outward from the corner. We note that in both cited papers the conclusion that
a local pressure maximum is reached at the corner point is made basing on the  inequality.
Theoretically, a situation is possible, when with distance from the corner the pressure first increases from
the  value to a certain, an even greater value and only then starts to decrease down to . In this
case the secondary f low direction near the corner must be opposite to the known direction. Moreover, the
results [72, 74] pertain exceptionally to a 90° corner and do not give idea of the behavior of secondary
flows in other geometric configurations.
A variation of the mean pressure at the corner points of the cross-section can be explained basing on
simple qualitative considerations described below with reference to the examples of f lows along the inter-
nal and external 90° corners. In the wall layer tangential f luctuations of the velocity are greater than the
normal f luctuations, so that f luid particles move chiefly parallel to the walls, while in the corner region of
the cross-section they move along arc-shaped paths joining the directions along the tangents to the neigh-
boring boundaries (Fig. 9). The centrifugal force that arises in this case (inertia force) is directed toward
the trajectory convexity. It causes a variation in the mean pressure in the corner and a pressure gradient
acting radially in all directions. On the solid pipe walls the Reynolds stresses and their gradients are zero,
so that the action of the pressure gradient along the walls can be offset only by the viscous friction forces.
This necessitates the f luid motion along the walls from the greater to the smaller pressure. In the vicinity
of the internal corner the centrifugal force is directed toward the corner, where a pressure rise occurs
(Fig. 9a). On the contrary, in the vicinity of the external corner the centrifugal force is directed outward
from the corner, which leads to rarefaction at the corner point (Fig. 9b). Correspondingly, within the
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Fig. 10. Predominant directions of the velocity pulsations and products  in the near-wall region for the boundaries of
three types: concave (a), plane (b), and convex (c). The designations , , and  represent the positive, negative, and
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+P −P 0Pinternal corners the f luid spreads along the walls outward from the corner, which is compensated by f luid
inflow along the bisector, whereas in the vicinities of the external corners the f luid f lows toward the corner
along the walls and flows outward in the direction of the bisector.
3. RELATION BETWEEN THE WALL PRESSURE AND THE BOUNDARY CURVATURE
The prediction of secondary f lows on the basis of an analysis of the right sides of Eq. (1.1) is not easy.
In most cases, it is difficult to assess beforehand the cross-sectional Reynolds-stress distributions in pipes
without invoking to numerical or laboratory experiments. The sole reliable apriori knowledge pertains to
their behavior near solid smooth walls, where, by virtue of the no-slip conditions, all the components of
the Reynolds stress tensor are zero, together with their gradients. For this reason, if a pressure gradient acts
along the cross-section perimeter, then a secondary f low must necessarily arise, with the f luid f low direc-
tion along the wall from the greater to the smaller pressure. This f low compensates the pressure force by
the viscous friction. The question about the relationship between the mean wall pressure and the bound-
ary curvature was analyzed in detail in [75]. Here, we will present the main elements of that analysis.
The boundary curvature effect on the near-wall pressure can be estimated basing on the following sim-
ple considerations. We will consider three typical cases of the boundary shape, namely, concave, plane,
and convex (Figs. 10a–10c). We will fix a certain point on the boundary and introduce a coordinate sys-
tem (y, z) with the axes aligned with the normal and tangent to the boundary at the chosen point. The
Reynolds equation in the  direction, when the secondary f low is neglected, gives the relation between
the mean pressure gradient and the Reynolds stresses
(3.1)
Near the solid wall the first term on the right side of Eq. (3.1) is always positive and tends to increase
the mean pressure on the wall. The sign of the second term is determined by that of the boundary curva-
ture. The predominant pulsation direction in the wall region is parallel to the direction of the tangent at
the nearest point of the boundary. For this reason, in the case of a concave wall (Fig. 10a) the Reynolds
shear stress  at z < 0 and  at z > 0. Thus, the second term on the right side of Eq. (3.1)
is also positive, which ensures an additional (compared with the first term effect) pressure increase at the
boundary. This fact is noted by the designation  in Fig. 10a. The analogous reasoning for the vicinity of
a convex boundary (Fig. 10c) leads to the conclusion that in this case , that is, the Reynolds
shear stress effect on the near-wall pressure is negative. Finally, in the plane region of the boundary it may
be assumed that  on either side of the line z = 0, so that the contribution of the second term on
the right side of Eq. (3.1) is unimportant.
The qualitative estimates given above can be presented more formally. To do this, in [75] the notion of
the pulsation trajectory was introduced; it is defined as a line in the cross-section, such that the direction
of the tangent to it coincides at each point with the main direction of the Reynolds stress tensor corre-
sponding to the greater principal stress. If  and  are the tangential and normal components of the
y
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an any point on the trajectory
(3.2)
Here, n is the principal normal and  is the radius of curvature of the trajectory. The first term on the
right side of Eq. (3.2) indicates that the pressure variation along the normal is opposite to the normal stress
variation in the same direction and does not depend on the curvature of the pulsation trajectory. The sec-
ond term is always positive, whence it follows that the f luctuating motion along a curved trajectory
increases the pressure in the direction of the trajectory convexity. This increase is proportional to the tra-
jectory curvature.
The curving of the pulsation trajectories takes place near curved walls, where  and ,
d being the distance to the wall. As ,  and it may be assumed that the pulsation trajec-
tory curvature is similar in value with the wall curvature. It is reasonable to suggest that the pulsation tra-
jectory curvature retains the sign even at a certain distance from the wall, so that the effect of the second
term on the right side of Eq. (3.2) leads to a finite variation in the wall pressure. Thus, with variation in
the wall curvature a proportional variation of the pressure might be expected in the neighboring regions of
the pipe cross-section perimeter: with increase in the wall curvature the pressure increases on concave
walls and decreases on convex walls. As noted above, the Reynolds stresses cannot balance out the pres-
sure force action along the wall, so that a secondary f low must arise. In accordance with the above, the
motion in the secondary f low must be directed from the greater toward the smaller curvature along con-
cave walls and vice versa along the convex walls.
Obviously that the curving of the pulsation trajectories occurs also in corner regions. The family of pul-
sation trajectories in a pipe of square cross-section for  [28] is presented in Fig. 11a. The radius
of curvature of the pulsation trajectories is zero directly at the corner point and increases with distance
from it. A noticeable curving of the trajectories can be observable in the region, where . In the
same region there exists a considerable anisotropy of normal stresses, which makes a contribution to the
second term on the right side of Eq. (3.2). In Fig. 11b the pressure field is presented, together with the sec-
ondary f low streamlines. Precisely in the zone of curving of the pulsation trajectories an additional wall
pressure rise is observable, as compared with the boundary regions, more distant from the corner. Beyond
this region the pulsation trajectories are parallel to the walls and it is only the first term on the right side
of Eq. (3.2) that contributes to the wall pressure rise. In the internal corners both terms on the right side
of Eq. (3.2) are positive and their effects are added. In the vicinities of the external corners the pulsation
trajectories are directed outward from the corner by their convexities, so that the second term on the right
side of Eq. (3.2) tends to diminish the pressure in the corner. This leads to rarefaction (relative to the sur-
rounding regions of the perimeter) in the corner region and a secondary f low directed along the walls
toward the corner and along the bisector outward from the corner.
4. PREDICTION AND EXPLANATION OF THE SECONDARY FLOW SHAPE
IN NONCIRCULAR PIPES
The arguments and estimates of the preceding section concerning the relation between the curvature
of the pipe cross-section boundary and the mean pressure and the direction of the generated secondary
flow can be formulated in the form of the following principle. The secondary f low along the pipe walls is
directed from the points of local pressure maximum to those of local pressure minimum. The conse-
quence of this principle is the f luid inflow from the external f low toward the points of local pressure max-
ima on the walls and, contrariwise, the f luid return from the walls into the external f low from the points
of local pressure minimum. In the vicinity of any extremum the streamlines take the form presented in
Fig. 12. At the points of local extrema of the boundary curvature the pressure extrema of the same type are
reached on concave walls and of the opposite type on convex walls.
This principle can be used for approximately estimating and predicting the shape of the secondary
flows occurring in one or another version of the pipe cross-section. For this purpose, an attempt should
be made to determine the points of local pressure extrema on the pipe cross-section boundary basing on
an analysis of the boundary curvature, symmetry conditions, or some other considerations. Two extrema
of the same type cannot be next to one another on an interval of a boundary but they must necessarily be
separated by at least one extremum of the opposite type.
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Fig. 11. Directions of the tangents to pulsation trajectories in a square pipe (a) and mean pressure field and secondary
flow streamlines (b) at . The vector lengths in panel (a) are proportional to the anisotropy degree of the normal
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Fig. 12. Secondary f low streamline shapes in the vicinities of the points of local minimum  and maximum  of the
mean wall pressure.
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Fig. 13. Mean pressure distribution (a) and secondary f low streamlines (b) in a pipe with the cross-section in the shape









We will try to apply the receipt presented above to certain particular cases. In Figs. 13 and 14 we have
presented the pressure distributions and the secondary f low streamlines in the pipes with cross-sections
in the shape of a circular sector with the vertex angles 90° and 270° obtained in the DNS calculations at
 [76]. Here, Ub is the mean velocity and  is the hydraulic diameter.
An apriori analysis of the pipe cross-section with the vertex angle 90° (Fig. 13) allows one to make the
following conclusions. For the reasons described above, in three internal corners A, , and  the pressure
is greater than on the surrounding intervals of the perimeter. On the rectilinear intervals  and  there
must be points of local pressure minimum; we will denote them as  and . Any variations in the bound-
ary curvature or any other reasons indicating the presence of other extrema are absent from these intervals.
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Fig. 14. Mean pressure distribution (a) and secondary f low streamlines (b) in a pipe with the cross-section in the shape









(a) (b)At the midpoint  of arc  an extremum must exist by virtue of symmetry. Since this point lies between
two local maxima, this is apparently a local minimum. There remains to connect the points of pressure
extremum in accordance with the rule shown in Fig. 12 without mutual intersections of the lines within
the pipe in order to obtain an approximate streamline pattern in the secondary f low. In this case, the sup-
posed secondary f low is qualitatively equivalent to the f low in the pipe of triangular cross-section [2]
shown in Fig. 2. The f luid moves from the central region of the pipe toward the points of local pressure
maxima located at the vertices of the three corners , , and . The f luid f lows out of the corners toward
points , , and  along the walls. From these points the f luid returns to the pipe center. The DNS
results confirm generally the prognosis made concerning both the pressure distribution along the cross-
section perimeter (Fig. 13a) and the shape the secondary f low streamlines (Fig. 13b). Small deviations
from the predicted shapes of the secondary f lows that take place in the bottom of Fig. 13b cannot be
obtained on the basis of a comparatively coarse analysis.
We will now turn to the pipe with the vertex angle of 270° (Fig. 14). We suppose the presence of pres-
sure extrema at the corner points, namely, local maxima in the internal corners  and  and a local min-
imum in the external corner A. We note that in this case the pressure behavior is considered only along the
perimeter. The local minimum at point A means that in the surrounding regions of the boundary the pres-
sure is greater but this does not mean a necessary increase in the pressure at the surrounding points within
the pipe. At the midpoint  of arc  a local extremum must take place by virtue of symmetry. In this
case, the type of this extremum is not obvious. The pressure behavior at this point is in a lesser degree
determined by the distant corners  and  than by the corner A. In the vicinity of point  the trajectory
convexities are directed toward point , which can manifest itself as a certain pressure rise in the vicinity
of this point, compared with the surrounding intervals of arc . Thus, the presence of a local pressure
maximum may be supposed at point , together with the appearance of local minima at certain interme-
diate points  and  on the arcs  and . In this case, the secondary f low along the boundary is
directed from the corners  and  toward the corner  and the points  and  and also from point 
toward the points  and . The f luid moves from the local minimum points , , and  inward the pipe
and then in the direction of points , , and , respectively.
The pressure distribution along the perimeter described above and the ensuing secondary f low topol-
ogy is confirmed by the results of numerical calculations presented in Fig. 14. We note that it was obtained
on the basis of only one supposition that the pressure at point  has a local maximum. An alternative sup-
position about a local pressure minimum at this point gives another pattern. In this case, the secondary
flow along the arcs  and  is directed toward point  and from this point inward the pipe, where it
meets the secondary f low from point A, whereupon both streams flow toward the corners  and .
Although in this case this pattern is not confirmed by the DNS results, it can be realized for other Reyn-
olds numbers or the values of the angle at vertex A.
What calls attention to itself in Fig. 14a is the characteristic pressure distribution along the radius 
having a minimum at a certain intermediate point rather than at point A. The explanation of this fact is
that the normal velocity f luctuations in the vicinity of the singular point A are quite considerable, so that
the negative first term on the right side of Eq. (3.2) overweighs the positive value of the second term related
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Fig. 15. Schematic secondary f low pattern in an elliptical pipe [9, 45, 46] (a), rectangular pipe with rounded corners [41]
(b), and a pipe with a semicircular wall [41, 43] (c). The dashed and solid curves correspond to clockwise and counter-
clockwise rotation, respectively. The flow direction in secondary f lows is additionally marked by arrows. The elevated and
lowered pressure regions are denoted as  and , respectively.
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+P −Pradius  oriented toward the concavity of the pulsation trajectory is in this case directed toward the cor-
ner point from the central region of the pipe and not in the opposite direction, as it is the case in internal
corners.
We will consider some more cases known from the literature.
(i) Elliptical pipe [9, 45, 46], Fig. 15a. A maximum wall curvature is reached at the ends of the greater
diameter; because of this, here there occurs a relative pressure rise . Contrariwise, a minimum wall cur-
vature and the lowered pressure  correspond to the ends of the smaller diameter. Thus, on each quarter-
perimeter the f luid f low along the wall is directed from the point of maximum pressure to that of mini-
mum pressure, that is, from the ends of the greater diameter to those of the smaller diameter. The f luid is
concentrated toward the center of the ellipse along the small semiaxes and spreads backward to the walls
along the large semiaxes.
(ii) Rectangular pipe with rounded corners [41], Fig. 15b. In the corner regions, where the boundary cur-
vature is maximum, the pressure  is elevated. Till the corner roundness radius is smaller than the chan-
nel half-width, the lower wall has a rectilinear region with a lowered pressure . Thus, the secondary
flow pattern coincides qualitatively with the case of unrounded corners: the f luid moves from the main
stream to the points of elevated pressure in the corner region of the pipe and spreads from there along the
walls to both sides, toward the lowered pressure zones.
(iii) Pipe with a semicircular wall [41, 43], Fig. 15c. When the plane region vanishes from the lower wall,
the lowered pressure zone vanishes together with it. Correspondingly, the region of the secondary f low
along the wall toward the vertical line of symmetry also vanishes and the four-vortex secondary f low pat-
tern is replaced by a two-vortex pattern.
(iv) Annular eccentric pipe [50, 51], Fig. 16. A prediction of the secondary f low shape in an eccentric
annular pipe is not so obvious. As for the pressure distribution over the pipe walls, it can be apriori
affirmed with a great extent of assurance only that on the concave surface of the outer cylinder the pressure
is greater than at the closest point on the convex surface of the inner cylinder. The pressure distributions
along the perimeters of the inner and outer cylinders obtained in DNS calculations [51] are presented in
Fig. 16b. The locations of local pressure maxima at all the boundaries are marked in Fig. 16a. The f luid
flow direction along the walls is consistent with the pressure distribution. We note that the range of pres-
sure variation along the innerl cylinder wall is twice as large as the analogous variation along the outer cyl-
inder. In view of the fact that the inner perimeter length is half as large as that of the outer cylinder, the
characteristic pressure gradient along the inner wall is by a factor of four greater than that along the outer
wall. This exhibits itself as a considerably greater secondary f low intensity along the surface of the inner
boundary on the interval , where the f luid f lows from the narrow to the wide gap. A weak
motion along the outer cylinder occurs in the same direction. In the widest part of the gap, , a pres-
sure variation along the outer boundary stops and the secondary f low also vanishes. In the narrow part of
the gap, , the pressure decreases with increase in s on both boundaries. In this part of the pipe the
fluid must move toward the narrow gap. This is clearly visible on the outer cylinder in Fig. 16a, while on
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Fig. 16. Flow in an annular eccentric pipe [51]. The upper half of the cross-section is shown. Secondary f low streamlines
(a) and mean pressure distributions along the perimeters of the inner (broken curve) and outer (solid curve) cylinders (b).
The arrows indicate the motion direction in the secondary f low. The coordinate s = 0 corresponds to the wide part of the
gap and s = 1 relates to the narrow part. The points on the cylinder walls indicate the locations of local extrema of the
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+P −Pfrom the cylinder surface. Probably, nearer to the wall in this location there is a weak oppositely-directed
motion, which is not shown in the figure.
5. FLOWS IN CHANELS WITH FREE BOUNDARIES
The mechanism of the secondary f low formation described in the previous sections is based on the
assumption of the absence of Reynolds stresses from solid pipe boundaries. Under these conditions, the
pressure variation along the boundary must be necessarily accompanied by a f luid f low from the greater
toward the smaller pressure. The conditions of the secondary f low generation in channels with free
boundaries are different from the case of a channel with solid walls in that on a free boundary there are
tangential pulsations of the velocity, which are absent from a solid wall. Thus, the f low direction is gov-
erned by the competition between the pressure forces and the Reynolds stresses. An analysis of the condi-
tions of the secondary f low generation in corner regions formed by solid and free boundaries was carried
out in [75].
A flow in a rectangular channel with three solid walls and one (upper) plane wall free from tangential
stresses was considered. Due to the reasons presented above, an elevated pressure zone must occur in each
of the four corners of the cross-section, together with a pressure gradient expelling the f luid along the
channel walls. Near the solid walls, where the Reynolds stresses, which could counteract the pressure
force, are absent, a f luid motion outward from the corner must necessarily appear. However, the f low
direction on the free surface can be, generally speaking, different, being determined by the competition
between the pressure gradients and the Reynolds stresses. If the winner in this competition is the pressure
force, then a secondary f low arises; it is analogous to the f low within a corner with solid walls: the f luid
spreads along the walls in both directions, outward from the corner. In the case in which the pressure force
cedes, the f luid in the secondary f low moves along the free surface toward the corner and is carried away
downward along the solid wall, that is, a single-vortex secondary f low pattern appears in the upper corner.
In any of the two possible scenarios in the vicinities of the upper corners the f luid must move downward
along the solid lateral wall, which contradicts the secondary f low pattern, according to which the f luid
flows toward the upper corner along the lateral wall and is carried away toward the channel center along
the free boundary (Fig. 8) [60].
For studying the details of the secondary f low in the region of the junction between the free surface and
a solid wall in [75] direct calculations of a turbulent f low in a rectangular channel with a 4:1 cross-section
and a free boundary were carried out. The secondary f low streamlines are presented in Fig. 17a, together
with the mean pressure field in the channel cross-section. The left of two symmetric channel halves is
shown. As it was predicted, each corner of the cross-section, including the upper ones, contains an ele-
vated pressure zone. On the free surface, near the wall the Reynolds stress action is directed toward the
wall and is superior to the pressure gradient action; because of this, in this region the f luid f lows toward
the corner. Here a single upper corner vortex is formed, that is, of the two above-mentioned scenarios itFLUID DYNAMICS  Vol. 56  No. 4  2021
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Fig. 17. Pressure field and secondary f low streamlines in the cross-section of a channel with a free upper boundary (a)
and contours of the mean longitudinal velocity  (b).
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/ bU Uis the second scenario is realized. It is in agreement with the results [66, 67] on the formation of an “inter-
nal vortex” in this region. In all other respects, the secondary f low pattern is in agreement with the con-
ventional idea: the greater part of the channel cross-section is occupied by two intense vortices generated
in the lower corners and penetrating inward the f low at a large distance. The secondary f low intensity
turns out to be considerably greater than in a rectangular pipe with solid walls. It amounts to 2.5% in the
vicinity of the solid walls and to 5% of Ub on the free surface. The so large secondary f low velocity can be
attributed to the fact that outside the wall region both the pressure gradient and the Reynolds stress force
act in the same direction, outward from the corner. In the absence of wall friction here there arises an
intense secondary f low which is transferred into other channel regions.
The contours of the mean longitudinal velocity U plotted in Fig. 17b have some distinctive features
exhibiting the action of secondary f lows. In the lower and upper corners these are the characteristic con-
vexities toward the corners. The main singularity inherent in f lows in open channels is a velocity increase
beneath the free surface in the central region of the channel. This effect can be attributable to the surface
transfer of the f luid having a low momentum from the near-boundary zones toward the channel center
produced by the secondary f low.
An investigation of the f low in a channel with a free boundary [75] revealed some interesting properties
of secondary f lows. In particular, basing on the principle of secondary f low formation formulated above
the possibility of the generation of a secondary f low in the form of a solitary vortex was predicted; this vor-
tex arises in the region of the junction between the solid wall and the free surface in the cross-sectional
plane [66, 67]. The generation of the secondary vortex in this place is due to the presence of a wall with
the no-slip condition on it, while the fact that only one vortex, rather than two, is formed is the distinctive
feature of the interaction between a solid wall and a free boundary. It seems interesting to rise a question
about the possibility and features of secondary f low formation in the corners, where two free boundaries
are joined and a solid wall as an important element of the secondary f low formation mechanism is absent.
A channel with two free boundaries is hardly realizable in experiments but it can be easily implemented in
numerical simulations. In [75] direct calculations of turbulent f lows in a channel of square cross-section
were performed for the case, when two adjoining walls are solid, while the other two are free. In the cal-
culations with several Reynolds numbers from  to  it was found that in the corner
region near the junction between the two free boundaries the Reynolds stress forces turn out to be poten-
tial, accurate to computational errors. Thus, these forces are neutralized by the pressure gradient and do
not produce a secondary f low. The secondary f low is conserved here only due to convection from distant
regions.
6. SECONDARY FLOWS NEAR ROUGH SURFACES
The secondary f lows of the second kind can be caused by the spanwise inhomogeneity of a rough sur-
face in a f low. Under these conditions the secondary f low formation is of great importance, since in most
of engineering applications and natural ecosystems turbulent f lows occur precisely along rough surfaces,
while smooth surfaces are rather rare. This phenomenon is particularly topical under the conditions of
spatially inhomogeneous roughness; a well-known example is furnished by f lows along the blades of tur-
bomachinery [77]. An experimental investigation of turbulent f low over a damaged turbine blade with
nonuniform surface roughness [78, 79] showed clearly the formation of secondary f lows. Another import-
ant manifestation of secondary f lows of this type is observable in river f lows, where the spanwise transport
of bottom sediments can produce and maintain changes in the bottom surface in a river bed [80].
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UmaxThe secondary f low formation over an inhomogeneously rough wall was first shown в [14, 15]. The
roughness streaks aligned with the f low lead to the formation of an upward current over a smooth region
of the wall and downward currents above the rough regions (Fig. 18). To explain this phenomenon in [14]
the local production of the turbulent kinetic energy was compared with viscous dissipation; an imbalance
between these quantities determines the motion topology and direction in the secondary f low. It was con-
cluded that the f luid is transferred from less turbulent regions into the regions, where the turbulent kinetic
energy production is superior to viscous dissipation, and vice versa. Basing on this assumption, in many
subsequent studies the secondary f low topology and direction are associated with the turbulent kinetic
energy distribution or the wall friction value, which are used for localizing the regions with greater/smaller
turbulent activity.
As noted in [81], the term “roughness” is used sometimes by different research groups in different
meanings. Two different types of the wall structuring can be meant under this term, namely, small-scale
(about 10% of the boundary layer thickness) smooth structures, homogeneous in the f low direction and
produced exceptionally by transverse variations in the wall height (for example, longitudinal ridges of dif-
ferent shapes on a smooth wall) and irregular rough surfaces with multidirectional variations in the surface
height (for example, roughness streaks). The governing difference between these two types of surfaces is
the absence of the pressure drag for the surfaces of the first kind (called sometimes “streamwise rough-
ness”) due to their homogeneity in the f low direction. In this configuration, all surface stresses are pro-
duced by viscous forces. Contrariwise, for the surfaces of the second kind with irregular roughness the
pressure drag is predominant. This difference is also important for the mechanism of secondary f low for-
mation. In the presence of a longitudinally-homogeneous structured surface the secondary f low forma-
tion can be attributed to the mechanisms described above for the internal and external corners in pipes. In
the case of rough surfaces with streamwise inhomogeneities additional effects associated with the pressure
drag should be taken into account. Despite a vast variety of different configurations of the transverse wall
inhomogeneity, in recent decades two main configurations have been well studied. These are rough
regions of walls arisen as a result of variations in the shear stress on the wall and transverse variations in
the local wall elevation. In [80] it was proposed to subdivide the roughnesses into two types. When the
effect of the shear stress variation is predominant, the roughness is called the strip-type roughness, while
in the case of the wall elevation effect predominance it is the ridge-type roughness. The formation of sec-
ondary f lows in an open channel was studied experimentally by means of placing rough surfaces of the
both types. It was shown that the roughnesses generate large-scale secondary f lows under the conditions,
when the transverse inhomogeneity interval is comparable with the boundary layer thickness (Fig. 19). In
this case, the observed upward and downward currents above the strip-type roughness occurring above
both smooth and rough surfaces, whereas in the case of the ridge-type roughness the upward and down-
ward currents were observable above elevated and lowered wall surfaces, respectively.
Characteristic of the strip-type roughness is an alternate spanwise variation in the shear stress on the
wall, while variations in the wall height are absent or negligibly small. In [82, 83] numerical (DNS and
LES) investigations of the strip-type roughness were carried out for the channel with strips of “small” and
“large” roughness, which were realized by means of varying the boundary conditions on the wall ensuring
a greater or smaller local friction. Both groups report on a secondary f low analogous to that observed in
[14, 15], that is, upward above the region with the smaller friction and downward above the region with
the greater friction. The secondary vortex structure thus obtained is consistent with experimental obser-
vations of f lows over damaged turbine blades [78, 79]. In these studies, strips with low and high f low veloc-
ities were found out, which can be related with the presence of large-scale secondary f lows [68, 84]. AsFLUID DYNAMICS  Vol. 56  No. 4  2021
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Depression Ridgeshown in [82], the arrangement of the regions with opposite motion direction (upward or downward) in a
secondary f low can change depending on the rough strip width. In [79, 85] a similar configuration was
studied numerically in the case of a plane channel with alternating longitudinal strips and the slip and no-
slip conditions imposed on the walls. The authors report on an interchange of the secondary f low topology
and direction with variation in the width of the region containing the slip.
Secondary f lows over inhomogeneous surfaces made of spanwise alternating carton and sand-paper
strips were studied experimentally in [86]. The results obtained can be summarized, follows: when the
strip width is smaller than the boundary layer thickness, the secondary vortex dimensions are limited by
this width (including those directed outward from the wall). If the strip width is of the order of the bound-
ary layer thickness, then the secondary motion fills the entire boundary layer and has the greatest inten-
sity. For the strips wider than the boundary layer thickness the secondary motion remains localized on the
boundary between the rough and smooth strips and retains dimensions comparable with the boundary
layer thickness.
The ridge-type roughness was also studied in detail by different research groups. Generally, it is
observed that the length of an interval between elevated elements has an effect on the secondary f low
topology and intensity, similarly to the strip-type roughness. Despite their small intensity, the secondary
flows over the ridge-type roughness change considerably the main stream properties, which leads, in par-
ticular, to a considerable increase in friction and heat transfer [87]. In [88] a numerical investigation of the
secondary f low over triangular streamwise ridges is presented. The authors relate the secondary f low for-
mation with local spanwise redirecting of turbulent pulsations in the vicinity of the upper corner of the
ridge outward from the wall, that is, with the appearance of nonzero correlation . In [70, 89] turbu-
lent f low over the seriss of blocks of Lego tinker toys was studied both experimentally and numerically.
Despite an almost tenfold difference in the  value, similar results were obtained in the calculations and
experiment: the secondary f low consists of instantaneous large-scale vortices with primarily positive and
negative vorticities to the right and left from an elevated element, respectively. The analogous experiments
were performed in [90, 91] for different ridge geometries. Both research groups observed an upward
motion over elevated elements. The results of a numerical investigation of a developing turbulent bound-
ary layer over longitudinal rectangular ridges are presented in [92]. The authors relate a specific direction
of secondary f lows with a strong local imbalance of the turbulent kinetic energy due to large turbulent
transport occurring above the ridge-type roughnesses, which was not observable in the case of strip-type
roughness. The rotation direction in the secondary f lows was related with an active transport of the tur-
bulent kinetic energy into the region above the ridge (which is absent in the case of strip-type roughness),
which, in author’s opinion, is due to an upward deflection of transverse turbulent pulsations on the lateral
walls of a roughness element. As shown in [87], the ridge geometry and height can have a considerable
effect on the intensity of the generated secondary motion: sharp-cornered triangular ridges with a height
of 16% of the channel half-height lead in this case to the secondary f low intensity amounting to 6% of the
mean velocity, which is considerably higher than the secondary f low intensity usually observed in pipe
corners or in the case of the strip-type roughness.
The subdivision of the inhomogeneous wall roughness into two types (strip and ridge types) makes eas-
ier the physical understanding of the phenomenon separating the effects of shear stress variations on a wall
from the effects associated with wall elevations. However, it should be noted that a clear division between
these two categories is impossible for actual roughnesses, since the presence of roughness is, itself, always
accompanied by a variation in the roughness height. Thus, for example, in [93] a secondary f low in a tur-
bulent plane channel, over a rough surface consisting of streamwise ranges of pyramids was investigated
v' 'w
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tion was revealed with increase in the interval between the roughness ranges higher than the channel
height. For smaller intervals an upward motion occurs above roughness elements, which is consistent with
the secondary f lows over the ridge-type roughnesses, while at large spacings a downward motion arises
over the elements. Recently, in [94] it was shown that the rotation direction in the secondary f lows above
a wall with a roughness strip depends on the relative height of the mean level of the roughness strip (ele-
vated or lowered). In that study three different levels of the mean height of the roughness strip were con-
sidered. They corresponded to elevated (caused by deposits), submerged (owing to erosion or corrosion),
and intermediate roughness heights. Depending on this parameter, the secondary f low direction corre-
sponded to either the strip-type or the ridge-type roughness.
7. RANS-MODELING OF SECONDARY FLOWS
The majority of numerical investigations of Prandtl’s secondary f lows of the second kind were per-
formed using direct numerical simulation (DNS) or large eddy simulation (LES). The secondary f lows
become visible in calculations only as a result of the averaging of the velocity field over a considerable time
interval. These investigations are computationally expensive even at low Reynolds numbers, since in the
presence of only one homogeneous spatial direction a reliable averaging can be obtained when the f low is
calculated during a considerable time. In predicting secondary f lows the application of more cost-saving
approaches based on the solution of the Reynolds equations (RANS-modeling) using semiempirical clo-
sure models turns out to be nontrivial matter owing to the absence of universal models. Moreover, the sec-
ondary f low generation is, in its essence, a result of the Reynolds stress anisotropy, which cannot be cap-
tured by the widely used classical models based on the assumption of the linear turbulent viscosity [95,
96]. Therefore, in describing secondary f lows it is necessary to use specialized sophisticated turbulence
models. In turn, this complexity puts bounds to the application and adoption of these models for solving
engineering problems. The calculations become more expensive, while an extended numerical rigidity due
to the nonlinearity reduces the model reliability leading to deterioration of convergence [97].
As can be seen from Eqs. (1.1) and (1.2), the secondary motion is generated due to the appearance of
a difference between the Reynolds normal stress gradients  and the transverse shear stress gra-
dients  [7]. Therefore, the capability of a turbulence model to predict Prandtl’s secondary f lows of
the second kind is directly related with its capability of capturing the Reynolds stress anisotropy. The
entire class of the closure models based on the linear Boussinesq relation supposes that the Reynolds
stresses are determined by local mean strain rates
where  is vortex viscosity, k is the kinetic energy of turbulence, Sij is the strain rate tensor of the mean
flow, and  is the Kronecker tensor [95]. Under this assumption, Eqs. (1.1) and (1.2) do not have nonzero
solutions, so that a correct description of secondary f lows is impossible. Thus, the most popular models,
such as the Spalart–Allmaras model [98],  [99],  [100], or  SST [101] cannot describe the
secondary f low generation [102].
The anisotropy of the Reynolds stress tensor can be taken into account using the corresponding mod-
ification of the Boussinesq approximation. An example of this modification was given in [97], where the
standard –  model [103] based on the assumption on the linear turbulent viscosity was extended with
a nonisotropic contribution to the Boussinesq relation. The extended model was successfully tested
against an example of lows in pipes of square and triangular cross-sections, for which reasonable agree-
ment with the available data on the turbulent stress distributions and the secondary f low topologies was
obtained. It should be noted that the proposed modification is rather specific for particular sets of condi-
tions [96], which can considerably reduce the range of its applicability [95]. The turbulence models resolv-
ing the anisotropy, such as the Reynolds stress transport model (RSTM), introduced in [104], represent
the most accurate and fundamentally more complete means of closing the Reynolds equations [96]. In
those models, a set of the transport equations for individual components of the Reynolds stress tensor is
solved, these equations being supplemented with the equations for the turbulence length or temporal
scale, which excludes completely the turbulent viscosity hypothesis [95]. The RST models resolve auto-
matically the Reynolds stress anisotropy and are capable to describe the secondary f low formation. The
main problem of RSTM consists in the closure of the term governing the pressure deformation and the
diffusion term in the Reynolds stress transport equations which are treated in different ways in different
  −  v 2 2' 'w
v' 'w
−  = ν − δ2' ' 2 ,
3i j t ij ij
u u S k
νt
δij
− εk − ωk − ωk
v
2 fFLUID DYNAMICS  Vol. 56  No. 4  2021
PRANDTL’S SECONDARY FLOWS OF THE SECOND KIND 533formulations. It should also be noted that the RST models pertain to the most computationally expensive
RANS models, owing to their higher complexity and a greater set of equations necessary for the solution:
the RSTM solution requires twice as much time compared with the solution of the nonlinear  model
[95]. The RST approach was first applied to numerical simulation of f low in a square channel [105], the
velocity profiles and turbulent characteristics obtained being in reasonable agreement with the experi-
mental data. In [106] developing and developed flows in closed and open channels were studied using the
RST model of Launder, Reece, and Rodi (the so-named LRR model). Good agreement of the secondary
flows in different configurations was obtained with the experimental data [1, 107] and the previous calcu-
lations [105, 108]. In the other known RST model, the so-named SSG model [109], an extended qua-
dratic pressure-strain correlation model was used (instead of the linear pressure-strain dependence in
LRR [110]). It was shown that the SSG model is superior to the LRR model [109] and is simpler in numer-
ical realization [111]. The SSG model was tested in [112] against an example of f low in a rectangular open
channel. The authors reported that the SSG model predicts successfully not only the mean flow but also
the distinctive features of the pulsation characteristics. This model was applied in studying the properties
of turbulent f lows in rectangular [111] and trapezoidal [113] channels, meandering f lows in open channels
[114], and flows in rectangular open channels of limited depth with bottom vegetation [115].
For the purpose of reducing the computational efforts in solving the transport equations for individual
components of the Reynolds stress tensor on the basis of the RST approach, a new class of turbulence
models was developed. It uses simplified algebraic relations for calculating the Reynolds stresses, the so-
called algebraic stress transport models (ASTM). The first attempt to use ASTM in calculating f lows in
noncircular pipes was undertaken in [108] on the basis of the AST formulation proposed in [116]. The
model ensures an acceptable representation of the secondary f low despite the fact that the turbulent
anisotropy is underestimated by an order of magnitude [117, 118]. Moreover, certain coefficients of the
model should be so tuned that the secondary motion intensity could diminish down to the lower and,
therefore, more physical values. Later, an analogous ASTM realization proposed in [119] was applied in
[120, 121] for calculating f lows in rectangular and elliptical channels. The tendencies of the main stream
deformation by the secondary f low obtained in the calculations were correct despite some errors in the
details of the mean flow velocity and wall friction distributions. In [122] the ASTM model proposed in
[108] was extended with an additional equation for the turbulent kinetic energy with an anisotropic
approach to the determination of turbulent viscosity. The model was used in calculating f lows in a square
pipe and open rectangular channels of different shapes. The authors report on good agreement for all fea-
tures of the mean and secondary f lows, including the modification of turbulent characteristics near the
free surface. In the further model modification [24] the contribution of the secondary f low velocity to the
calculation of the Reynolds stresses was taken into account (it was neglected [108] or simplified [105, 121]
in the previous studies). The calculations were performed for the cases of a square pipe and a rectangular
channel with partially rough walls. The comparison with the experiment [15] showed that the model per-
forms better than [108, 122] but suffers, nevertheless, from certain underestimation of the primary f low
deformation and the secondary f low intensity. A class of model analogous to ASTM was developed from
an RST analysis based on the nonlinear strain–stress dependence [123]. This class of models is called
nonlinear (or anisotropic) models of turbulent viscosity [95]. The nonlinear realizations of the  and
 models proposed in [123] were applied for calculating f lows in rectangular straight channels [124]
and curvilinear channels [125]. It was shown that, as distinct from their linear counterparts, the nonlinear
models are capable to more successfully predict turbulent secondary f lows and their effect on the pri-
mary f low.
In [126, 127] the nonlinear  model is compared with the RST-based LRR model [110] for differ-
ent geometries in configurations of pipes and open channels. Generally, both models are capable to fairly
accurately predict the secondary f low formation and its detailed features. However, the author emphasizes
that the velocity profile deformation due to the secondary f low is better captured in the RST approach,
whereas the secondary f low effect on the wall friction is better reproduced by the nonlinear  model.
The comparison between the results of f low simulation in a trapezoidal channel obtained using the ,
, SST, LRR, and SSG models [128] emphasizes the superiority of the SSG formulation. As might
be expected, the linear models of turbulent viscosity do not reproduce the secondary f lows. The LRR
model presents an incomplete topology of the secondary f low. The SSG model is the unique model
demonstrating detailed and accurate secondary f low characteristics. Summarizing the talk it can be said
that the RST models ensure the most complete and accurate description of secondary f lows within the
framework of the RANS modeling. The SSG model gives more accurate results than the LRR model and
demonstrates the performance comparable with less computationally expensive models, such as the
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534 NIKITIN et al.SUMMARY
In this review, the studies concerned with Prandtl’s secondary f lows of the second kind are presented;
they appear in turbulent f lows under the action of the Reynolds stresses. The secondary f low formation in
straight pipes is an interesting manifestation of turbulence. An investigation of the conditions of their gen-
eration and the particularities of their manifestation and influence on the main stream is important from
both fundamental and applied perspectives. Apart from the review of theoretical, experimental, and
numerical studies, in this paper we formulate a principle, which makes it possible to explain and, in certain
cases, predict the shape of the secondary f lows occurring in smooth pipes with different cross-sections.
The reason for the formation of the so-called internal vortices in the corners of junction between solid
walls and a free surface is predicted theoretically and explained. A review of investigations of the secondary
flows caused by wall roughness inhomogeneities, which has been actively studied in the recent years, is
given for the first time. The questions of semiempirical modeling of turbulent f lows in the presence of sec-
ondary f lows are touched upon.
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